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Ellipse and hyperbola problems require students to coordinate
geometric, spatial, and algebraic representations, which may generate
cognitive barriers. This qualitative preliminary study aims to
characterise students’ cognitive barriers when solving conic section
tasks by integrating Polya’s heuristics with Cognitive Load Theory
(CLT) as an analytical lens, without directly measuring empirical
cognitive load states. Participants included 25 undergraduate students
across two groups (4A and 4B). Data were collected from students’
written metacognitive reflections following a final examination
alongside their problem-solving artefacts. Data were analysed using
integrative coding across Polya’s four stages and qualitatively
interpreted through intrinsic, extraneous, and germane cognitive load
dimensions. Among the recurring patterns identified in hyperbola
tasks, students frequently struggled to coordinate the centre, vertex,
and focus to determine curve orientation and key parameters a, b, and
c. In ellipse tasks, barriers were commonly observed during general-
to-standard equation transformations, specifically in grouping terms
and completing the square. Procedural complexity, time constraints,
and schema retrieval difficulties further interrupted problem-solving
trajectories. These findings suggest that conic-section problem-
solving difficulties reflect complex interactions between spatial-
algebraic coordination and cognitive demands. Consequently, this
study conceptualises the spatial-algebraic cognitive barrier as a
preliminary analytical concept rather than an established
psychological construct, offering pedagogical insights for analytic
geometry instruction.
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1. INTRODUCTION

Conic sections, particularly ellipses and hyperbolas, represent a cognitively
demanding domain in mathematics education because problem-solving requires
coordinating geometric, visual, and algebraic representations rather than merely memorising
formulas. In this topic, mathematical meaning is inherently distributed across multiple
representations: learners must interpret key geometric attributes, such as the centre, vertices,
foci, and axes, while simultaneously constructing or manipulating symbolic equations.
Consequently, students often experience conceptual and procedural difficulties, such as
struggling to interpret geometric properties and formulating equations of hyperbolas when
focal or vertex information is provided [1]. Although multiple representations can support
learning through complementary functions, their effectiveness depends heavily on learners'
ability to coordinate and integrate information across these distinct representational systems.

In conic sections, this representational coordination manifests as a bidirectional
demand between spatial reasoning and algebraic manipulation [2]. Solving hyperbola tasks
requires translating spatial configurations into algebraic parameters (a, b, and c), whereas
converting an ellipse equation into standard form demands sequential algebraic
transformations (e.g., completing the square) to extract its underlying geometric properties.
Recent research emphasises that spatial visualisation is an integral component of algebraic
problem-solving in conic sections rather than a separate, auxiliary skill [3]. However,
students persistently encounter obstacles at this interface, as evidenced by high rates of errors
and misconceptions when determining conic equations from geometric parameters [4].
These failures demonstrate that difficulties in analytic geometry are not isolated calculation
errors, but multifaceted obstacles spanning the conceptual, procedural, and technical
dimensions of spatial-algebraic coordination [5].

To trace where these difficulties occur, Polya’s four-stage heuristic framework,
understanding the problem, devising a plan, carrying out the plan, and looking back, provides
an established procedural model [6]. Empirical evidence shows that students' obstacle
profiles vary systematically across each stage, ranging from reasoning deficiencies during
problem comprehension and conceptual connection failures during planning, to procedural
errors and weak evaluation in the final stage [7]. Nevertheless, Polya’s framework is
descriptive of process; it can map where errors occur, but cannot explain the cognitive
demands that trigger these failures. For instance, two students who both stall at the execution
stage may do so for fundamentally different reasons: an absence of algebraic schemas or
working memory overload. Therefore, a cognitive perspective is necessary to unpack the
underlying mechanisms behind these stage-specific failures.

Cognitive Load Theory (CLT) addresses these limitations by explaining how
working memory constraints limit information processing during complex problem-solving
[8]. In conic sections, intrinsic cognitive load is driven by high element interactivity, where
students must simultaneously process and connect the centre, vertices, foci, orientation, and
related variables [9]. When coordinating these interactive elements exhausts cognitive
capacity, schema acquisition and automation are hindered [10]. The complexity of these
tasks arises not merely from the quantity of elements, but from the requirement to integrate
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geometric conceptual relationships with lengthy algebraic transformation procedures
concurrently [11]. In the final stage of problem-solving, this heavy processing load also
depletes cognitive resources allocated for verification and metacognitive monitoring [12],
[13], explaining why students frequently fail to evaluate the validity of their solutions during
the looking-backstage [14].

To date, the literature on conic sections [15], [16], Polya’s stages [17], [18], CLT
principles [19], [20], and spatial reasoning [21] has developed in silos. Integrating these
perspectives does not merely combine frameworks; it provides theoretical visibility into
phenomena that remain unexplained by individual theories: specifically, how friction at the
spatial-algebraic interface amplifies element interactivity and triggers execution failures at
specific Polya stages. To capture this specific phenomenon, this study proposes the
analytical construct of the spatial-algebraic cognitive barrier. This construct is distinctly
differentiated from a misconception (rooted in persistent incorrect concept structures) or a
schema retrieval failure (a memory recall issue); it refers to a breakdown in the simultaneous
coordination between visual-geometric interpretation and symbolic manipulation when the
burden of element interactivity exceeds working memory capacity. Through the analysis of
problem-solving artefacts and student metacognitive reflections on ellipses and hyperbolas,
this study addresses the following research question: What are the characteristics of students'
spatial-algebraic cognitive barriers when analysed through the integration of Polya’s stages
and Cognitive Load Theory?

2. METHOD

This study employed an exploratory qualitative design to investigate the
characteristics of students' spatial-algebraic cognitive barriers when solving ellipse and
hyperbola problems. A qualitative approach was chosen to interpret students' problem-
solving processes and metacognitive reflections rather than to measure cognitive load
quantitatively. The analysis was guided by the integration of Polya’s problem-solving
heuristics, understanding the problem, devising a plan, carrying out the plan, and looking
back [22], with Cognitive Load Theory (CLT) serving as an interpretive lens for cognitive
demands: intrinsic cognitive load (ICL), extraneous cognitive load (ECL), and germane
cognitive load (GCL) [23]. Polya's framework served to trace where obstacles emerged,
while CLT explained why specific stages imposed heavy demands on students' cognition
[24]. Rather than functioning as a direct physiological or psychometric measurement tool,
CLT was applied as a theoretical interpretive framework for analysing qualitative data [25].

Context, Participants, and Sampling

This study was conducted at Universitas Singaperbangsa Karawang and involved
fourth-semester undergraduate students in the Mathematics Education Study Program who
were enrolled in an Analytic Geometry course. Prior to this study, the participants had not
received formal college-level instruction on conic sections. Sampling was conducted using
a purposive sampling technique based on an error-focused criterion. Initially, 85 student
answer sheets were collected from two intact classes: Class 4A and Class 4B. These 85
submissions were screened to identify students demonstrating conceptual, representational,
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or procedural errors while solving ellipse and/or hyperbola tasks. Based on these inclusion
criteria, 25 students were selected (11 from Class 4A and 14 from Class 4B). All selected
participants completed every research instrument, including written problem-solving tasks
and open-ended metacognitive reflection sheets, achieving a 100% data completion rate.

Mathematical Tasks and Data Sources
Data were collected through the triangulation of two sources: written problem-

solving artefacts (observable mathematical traces) and metacognitive reflection sheets

(students' self-reported perceptions of difficulty, strategies, and confidence) [26].
Specification of written problem-solving is shown in Table 1.

Table 1. Mathematical Tasks

Task

Mathematical Focus

Representational Demands & Typical
Obstacles

Task 1: Hyperbola

Determining the standard equation

given the centre, vertices, and foci.

Geometric/Spatial to Symbolic Algebraic

Obstacle: Interpreting curve orientation and
extracting parameters (a, b, ¢).

Task 2: Ellipse

Converting a general equation of an

ellipse into standard form.

Extraction

Symbolic Algebraic to Geometric Property

Obstacle: Sequential symbolic manipulations,
particularly completing the square.

Data Analysis Flow and Matrix
Data analysis was conducted through an integrated coding scheme that
systematically linked empirical findings to Polya’s stages and CLT dimensions [27], as

shown in Table 2.

Table 2. Integrative Coding Matrix Based on Polya’s Stages and Cognitive Load Theory

Polya Stage [26] Observable Difficulty Initial Code Categories = Cognitive Load
Indicators Interpretation (CLT)

1. Understanding ~ Misinterpreting problem Curve orientation error,  ICL: Inherent

the problem statements, given conditions, misplacement of complexity and high

or spatial relationships
between objects.

center/foci.

interactivity among
geometric-spatial
elements [27].

2. Devising a plan

Failing to retrieve formulas,
strategies, or parameter
relationship schemas (a, b, c).

Parameter-retrieval
failure, formula gap.

ICL & GCL: Limited
availability of schemas
in long-term memory
[28].

3. Carrying out
the plan

Making symbolic
manipulation errors or stalling
mid-procedure during
algebraic execution.

Failure in completing
the square, substitution
errors.

ECL: Processing load
stemming from lengthy,
concurrent procedural
algebraic steps.

4. Looking back

Failing to verify solutions;
demonstrating false
confidence without evaluating
mathematical validity.

Confidence without
verification, ignoring
inconsistencies.

GCL: Deficit in
metacognitive resource
allocation caused by
cognitive overload [29].
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The credibility of the findings was maintained through data source triangulation
(cross-referencing self-reported reflections with observable error patterns on answer sheets)
and by delineating empirical evidence from theoretical interpretations [28]. All participant
identities were anonymised using pseudonyms and identification codes. The research
procedure is illustrated in Figure 1:

Empirical Data

(Artifacts & CLT Load

Interpretations

Polya's Stages
Reflections)

Figure 1. Data analysis workflow integrating empirical data, descriptive coding, Polya’s problem-solving
stages, and Cognitive Load Theory (CLT) interpretations

3. RESULTS AND DISCUSSION
3.1. Results

Analysis of the written metacognitive reflections and problem-solving artefacts from
the 25 participants revealed four distinct characteristics of spatial-algebraic cognitive
barriers. These barriers were not limited to simple computational errors; rather, they emerged
as students coordinated geometric information, mathematical schemas, algebraic
procedures, and solution evaluations [29]. Spatial interpretation and schema-retrieval
difficulties were concentrated in understanding the problem (P1) and devising a plan (P2)
stages of Polya’s framework, whereas procedural interruptions occurred in the carrying out
the plan stage (P3). Looking backstage (P4) revealed variations in students' capacity to
evaluate solution completeness and validity [30]. These patterns are summarised in Table 3.

Table 3. Distribution of Participants Across Cognitive Barrier Characteristics, Polya’s

Stages, and CLT Lenses

Characteristics of ~ Representative manifestation Polya CLT Lens Frequency Percentage
barrier stage
Spatial Difficulty identifying P1 ICL 9 36%
interpretation hyperbola orientation and
difficulty interpreting centre, vertex, and

focus
Schema retrieval Difficulty recalling formulas P2 ICL 14 56%
and parameter and relating a, b, and ¢ to
construction geometric information
Procedural- Difficulty grouping terms and ~ P3 ECL 16 64%
algebraic completing the square in the
interruption ellipse equation
Solution Recognition of incomplete P4 GCL-related 13 52%
evaluation solutions versus confidence interpretation

variation despite uncertainty
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Spatial Interpretation Difficulties in Task 1 (P1 — ICL)

A total of 9 of 25 participants (36%) exhibited barriers at the P1 stage during the
hyperbola task. While participants recognised terms such as centre, vertex, and focus, they
struggled to coordinate these spatial attributes when the centre was located away from the
origin (h, k) # (0,0). The student subsequently reported becoming confused during the
algebraic conversion in Table 4.

Table 4. Representative Excerpts: Spatial Interpretation

Participant ~ Polya stage  Initial code Reflection excerpt
4A-P02 P1 Center misinterpretation [ wasn't careful enough when reading it; it
turned out the centre wasn't at (0,0).
4B-P03 P1 Orientation uncertainty “I forgot if this is vertical or horizontal.”
4B-P09 P1 Spatial-symbolic “I forgot (h, k) is for peak or centre.”
confusion

A more complex manifestation of the spatial interpretation barrier was observed in
Participant 4B-P09. The student attempted to determine the orientation of the hyperbola by
considering both horizontal and vertical forms of its standard equation. However, uncertainty
subsequently emerged in interpreting the roles of the centre (h, k) and the parameters a and
b, resulting in an incomplete construction of the equation. The student also produced a
coordinate sketch, but the spatial representation was not fully consistent with the algebraic
form being considered. This response illustrates how difficulty in coordinating geometric
information with symbolic representation can interrupt the problem-solving process [30].
Figure 2 presents the student’s written response as a representative artefact of this spatial-
algebraic barrier.

a) Tentukon Pecsamann Stonclar hipecbole H

(x-n)' - (""t)z z |

at b*
4 rad
(x-')t -(‘9"‘)1 - | (:7()‘")1-—(9-'411 z |
el L1

Figure 2. Representative written response illustrating a spatial-algebraic barrier in interpreting the
relationship among the centre, vertex, focus, and hyperbola orientation (Participant 4B-P09)

Schema Retrieval and Parameter Construction in Task 1 (P2 — ICL & GCL)
Over half of the cohort (14 of 25 participants, 56%) encountered obstacles at the P2

stage. Although these students identified the general algebraic structure of a hyperbola, they
could not retrieve the schemas required to convert geometric distances into parameters a, b,
and c. This error subsequently affected the calculation of b and the final standard equation
in Table 5.
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Table 5. Schema Retrieval and Parameter Construction

Participant Polya stage  Initial code Reflection excerpt

4A-P05 P2 Parameter retrieval “I’ve forgotten how to determine the
difficulty values of a and b.”

4B-P10 P2 Formula retrieval “I need some time to recall the
difficulty method or formula I learned.”

4A-P11 P2 Focus—parameter “I thought the focus itself was 9,
confusion without calculating the distance to

the centre.”

The case of 4A-P11 demonstrates an error in representational conversion, wherein
the ordinate of the focus was directly equated to parameter ¢ without accounting for the
distance displacement from the centre (h, k). In contrast, several students (e.g., 4B-P01)
systematically activated the parameter schema, deriving a from the centre—vertex distance,
¢ from the centre—focus distance, and subsequently computing b, which highlights that these
schematic impediments are inherently tied to the stability of participants' long-term memory
retrieval.

Procedural-Algebraic Interruptions in Task 2 (P3 — ECL)

In the ellipse task, 16 of 25 participants (64%) stalled during algebraic execution at
the P3 stage. Although participants recognised completing the square as the necessary
method, extraneous cognitive load (ECL) associated with multi-step symbolic manipulations
disrupted execution, as shown in Table 6.

Table 6. Representative Reflection Excerpts: Procedural-Algebraic Interruption

Participant ~ Polya stage  Initial code Reflection excerpt

4B-P01 P3 Completing-the-square "I struggled with completing the square and
barrier eventually stopped because time ran out."

4B-P02 P3 Algebraic grouping "I was confused when grouping like variable
difficulty terms together."

4A-P04 P3 Procedural interruption "Problem 4 was left unfinished due to time

constraints; I only reached the completing-the-
square step."

The response of 4A-P04 further illustrates the role of procedural continuity. The
participant reported that the ellipse problem was not completed because time had run out
and only the square-completion stage had been reached. The data therefore indicates a
distinction between strategy recognition and strategy execution. Students could know that
completing the square was required but still fail to operate the procedure. This pattern was
coded primarily as P3-ECL in the initial analysis.

A different form of cognitive barrier emerged in the ellipse problem, particularly
during the execution of the algebraic transformation. Participant 4B-PO1 recognised that
completing the square was necessary to transform the general equation into standard form
and attempted to apply the procedure. However, the student had trouble maintaining the
sequence of algebraic operations and was unable to complete the transformation
successfully. The written work therefore provides evidence of a procedural interruption
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occurring after the appropriate strategy had already been identified. Figure 3 presents the
student’s written response as a representative artefact of this procedural-algebraic barrier.
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Figure 3. Representative written response illustrating a procedural-algebraic barrier during the completion-of-
the-square process for an ellipse equation (Participant 4B-P01)

As illustrated in Figure 3, the student initiated the expected algebraic transformation
but was unable to complete the sequence required to obtain the standard form. The fourth
characteristic concerned students’ evaluation of their own solutions. The reflections revealed
considerable variation in the extent to which students recognised errors, incomplete
procedures, or unresolved uncertainty. Some participants demonstrated explicit awareness
that their solutions were incomplete.

Variations in Solution Evaluation (P4 — GCL Deficit)

A total of 13 out of 25 students (52%) exhibited anomalies at the P4 stage.
Metacognitive reflections revealed two contrasting evaluation patterns: explicit
incompleteness awareness and unwarranted confidence (Table 5). Participant 4B-P09, for
example, stated that the answer was not correct because the solution had not been completed.
Similarly, participant 4B-P01 reported very low confidence because the standard form of the
ellipse had not been obtained. Other participants were more confident in their solutions.
Participant 4B-P01 in the hyperbola response described the sequence of calculating a, b and
c, followed by substitution into the standard equation, and reported being “Sure, but a little
doubtful”. Another participant, 4B-P08, described drawing the positions of the centre,
vertex, and focus before calculating a, b and ¢, and reported being confident in the procedure
despite some difficulty determining b and the positive-negative signs in Table 7.

Table 7. Representative Reflection Excerpts: Solution Evaluation

Participant  Polya stage  Initial code Reflection excerpt
4B-P01 P4 Partial confidence “I am confident, yet slightly doubtful.”
4B-P09 P4 Recognition of “I don’t feel I answered correctly because my
incomplete solution answer wasn’t fully complete.”
4B-P08 P4 Confidence after “While writing the answer, [ was quite confident
procedural completion in the steps I took.”

These responses show that students’ confidence was not uniform and did not
necessarily depend only on whether the mathematical procedure was completed. Some
students explicitly monitored the incompleteness of their work, whereas others expressed
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confidence after constructing a coherent sequence of procedures. Comparison of the two
mathematical tasks revealed a clear difference in the dominant form of students’ difficulties.
The hyperbola problem primarily exposed difficulties in coordinating geometric information
with algebraic parameters, whereas the ellipse problem more frequently exposed difficulties
in maintaining and executing a sequence of algebraic transformations.

3.2. Discussion
Spatial-Algebraic Barriers as a Coordination Problem

The findings indicate that students’ difficulties in solving ellipse and hyperbola
problems cannot be adequately characterised as either purely spatial or purely algebraic
difficulties. Instead, the central issue appears to lie in the coordination between spatial
meaning and algebraic representation. In the hyperbola task, students were required to
interpret the relative positions of the centre, vertex, and focus before constructing the
parameters a, b, and ¢ and subsequently forming the standard equation. In the ellipse task,
students were required to transform a general algebraic expression into standard form while
maintaining the mathematical meaning of the transformation. Thus, successful problem-
solving required students to move continuously between representations rather than operate
within a single representational system.

This finding extends previous research on students’ difficulties with conic sections.
Sudihartinih and Purniati reported misconceptions among university students involving the
determination of conic equations, the interpretation of hyperbola properties, and
relationships involving the focus and other geometric elements [30]. The present findings
provide a more process-oriented account of such difficulties by showing where and how the
representational coordination breaks down. For example, participant 4A-P11 did not simply
make an incorrect calculation of c; the student treated the focus coordinate itself as c,
indicating that a geometric distance relationship had not been successfully transformed into
its corresponding algebraic parameter. From this perspective, the term spatial-algebraic
cognitive barrier captures a process that is broader than a conventional misconception. A
misconception describes an incorrect conception of a mathematical relationship, whereas the
present findings suggest that some students possessed parts of the relevant knowledge but
failed to coordinate those elements during problem solving. Participant 4A-P05, for instance,
recognised that the problem concerned the standard equation of a hyperbola but was
uncertain about how to determine a and b. The difficulty therefore emerged at the interface
between recognising the mathematical object and operationalising its relationships.

Polya Reveals Where the Barrier Emerges

The findings also demonstrate the usefulness of Polya’s heuristic framework for
locating the emergence of these barriers. The spatial interpretation difficulties were
concentrated in the understand the problem stage, while schema retrieval and parameter
construction appeared primarily during devise a plan. Procedural interruptions occurred
predominantly during carry out the plan, and differences in students’ awareness of
correctness appeared during look back. This pattern is consistent with broader research
showing that students’ difficulties in mathematical problem solving can occur at different
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stages, with conceptual misunderstandings and weak connections appearing during
understanding and planning, procedural errors during execution, and inadequate evaluation
during the final stage [31].

However, the present findings suggest that Polya’s stages should not be interpreted
as isolated or strictly sequential categories. A difficulty that begins during understanding
may propagate into later stages. For example, when participant 4B-P09 became uncertain
about whether (h, k) represented the centre or another geometric element, the uncertainty
subsequently affected the selection of the hyperbola equation and the determination of a and
b. Thus, the stages provide a useful diagnostic trajectory, but the cognitive barrier itself can
extend across multiple stages. This interpretation is consistent with contemporary views of
problem solving in mathematics, in which heuristics provide ways of organising and
monitoring mathematical activity rather than merely prescribing a fixed sequence of
procedures [32]. Recent systematic research also indicates that Polya-based analysis can
distinguish difficulties in understanding, planning, execution, and evaluation, but that these
difficulties are associated with different cognitive and conceptual factors [33]. The
contribution of the present study is therefore not simply to confirm that students make errors
at different Polya stages, but to connect those stages specifically to the spatial-algebraic
coordination required by conic-section problems.

Cognitive Load Is Sensitive to the Nature of the Mathematical Demand

The findings can also be interpreted through Cognitive Load Theory. The hyperbola
task required students to simultaneously coordinate several interacting elements: the centre,
vertex, focus, orientation, distances, parameters, and equation structure. According to CLT,
intrinsic cognitive load is strongly associated with the number and interactivity of elements
that must be processed in relation to one another [34]. Consequently, a student who has not
sufficiently automated the relationships among these elements may experience substantial
cognitive demands even when each individual component appears mathematically familiar.

The responses of participants 4A-P02 and 4B-P09 illustrate this condition.
Participant 4A-P02 knew the standard hyperbola formula but failed to attend to the non-
origin centre, while participant 4B-P09 simultaneously struggled with orientation, the
meaning of (h, k), and the roles of a and b. The problem, therefore, was not necessarily the
absence of individual pieces of knowledge. Rather, the students had difficulty coordinating
multiple interacting elements within a single solution process. This provides a plausible
CLT-based interpretation of the spatial and schema-related barriers. The ellipse problem
presents a different cognitive configuration. Students often recognised the intended strategy,
such as completing the square, but became unable to sustain the sequence of algebraic
transformations. Participant 4B-P01 explicitly understood that completing the square was
required but reported becoming stuck because the expected standard form did not emerge
despite repeated calculations. This pattern suggests that the cognitive demand was associated
less with identifying the strategy and more with maintaining and coordinating intermediate
algebraic states during execution.

Here, however, the term extraneous cognitive load should be interpreted cautiously.
The present study did not measure cognitive load directly, and procedural difficulty cannot
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automatically be equated with ECL. Rather, the findings are consistent with an interpretation
in which cumbersome or insufficiently automated symbolic procedures consume working-
memory resources that could otherwise be used for mathematical reasoning. This distinction
is important because CLT emphasises that intrinsic and extraneous demands are theoretically
distinct, and element interactivity can play a role in both [35].

From Strategy Recognition to Strategy Execution

One of the more important findings is the distinction between knowing what to do
and being able to carry out what is known. Several students could identify the appropriate
mathematical strategy but could not execute it successfully. This was particularly evident in
the ellipse problem, where students frequently mentioned completing the square as the
intended method but stopped during the algebraic transformation. This distinction is
theoretically important because a student may possess a relevant schema without having
sufficiently automated the procedures required to operationalise it. Participant 4B-P02, for
example, reported forgetting the steps and becoming confused when grouping terms, while
participant 4B-P01 understood the intended transformation but could not obtain the expected
standard equation. Thus, the barrier is better understood as a schema-to-procedure transition
problem rather than simply a lack of conceptual knowledge. This distinction also helps
explain why students who appear to have similar knowledge could perform differently.
Participant 4B-PO1 in the hyperbola task was able to construct a coherent sequence—
determining a, b, and c¢ followed by substitution into the standard equation, whereas other
participants struggled to establish these relationships. The difference suggests that prior
knowledge becomes effective only when its constituent relationships are sufficiently
connected and accessible during problem solving.

The Role of Metacognitive Evaluation

The findings concerning the look backstage provide another important insight.
Students differed substantially in their ability to evaluate the quality of their own solutions.
Some students explicitly recognised that their solutions were incomplete or incorrect,
whereas others expressed confidence despite unresolved uncertainties. This variation is
important because successful problem solving does not end when a mathematical procedure
produces an expression. The solver must also determine whether the resulting representation
1s mathematically coherent. Participant 4B-P09 recognised that the solution was incomplete,
while participant 4B-P08 expressed confidence after constructing a coherent sequence of
geometric and algebraic procedures. Such differences suggest that metacognitive evaluation
functions as an important mechanism for detecting representational inconsistencies. This
finding is consistent with research identifying inadequate evaluation, errors in interpreting
results, and lack of thoroughness as persistent difficulties during the looking back phase of
mathematical problem solving [36]. At the same time, the present study adds a
representational dimension to this issue. Students were not merely checking whether a
numerical answer was correct; they needed to evaluate whether the geometric interpretation
and algebraic form remained consistent with one another. Consequently, looking back on
the conic-section problem, solving should involve more than rechecking arithmetic. It should
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include questions such as: Does the orientation represented by the equation agree with the
spatial configuration? Does the value of a correspond to the centre-to-vertex distance? Does
¢ represent the centre-to-focus distance? Does the final standard equation preserve the
geometric properties given in the problem? Such questions can potentially transform
metacognitive checking from a superficial verification step into a mechanism for
reconstructing mathematical meaning.

Why Hyperbola and Ellipse Problems Produce Different Barriers

An important contribution of the study is the observation that the two conic-section
tasks exposed different dominant cognitive vulnerabilities. The hyperbola task
predominantly required students to coordinate geometric information with algebraic
parameters, whereas the ellipse task required them to maintain a sequence of symbolic
transformations. This difference can be explained by the direction of representational
transformation required by each task. In the hyperbola problem, students moved from
spatial/geometric information to parameters and an algebraic equation. In the ellipse
problem, students moved primarily from general algebraic representation to symbolic
transformation and standard representation.

The distinction is pedagogically important because it suggests that treating “conic
sections” as a single content category may conceal substantially different cognitive demands.
Previous research has already documented misconceptions across several conic-section
concepts, including difficulties involving hyperbola equations and focus-related
relationships [37]. The present findings extend that observation by suggesting that the
direction of representation transformation may influence the type of barrier that becomes
visible. Thus, instructional support should not be designed solely around memorising the
standard equations of ellipses and hyperbolas. Students need opportunities to coordinate
geometric configurations, parameters, symbolic equations, and transformations. Instruction
should make explicit the relationships between the centre, vertex, focus a, b, and c, rather
than presenting these elements as disconnected formula components.

Theoretical Contribution: Toward a Spatial-Algebraic Cognitive Barrier

The central theoretical implication of the findings is the possibility of conceptualising
students’ difficulties as spatial-algebraic cognitive barriers. This concept refers to difficulties
that emerge when students must coordinate spatial/geometric relationships with symbolic-
algebraic representations during mathematical problem solving. The concept is narrower
than general “cognitive difficulty” because it specifically concerns coordination across
representational systems. It is also broader than a conventional algebraic error because the
source of the difficulty may occur before symbolic manipulation begins. In the hyperbola
task, for example, an incorrect value of ¢ may originate from a failure to interpret the focus
as a point whose distance from the centre must be calculated. In the ellipse task, by contrast,
the barrier may emerge after the correct strategy has already been identified, when the
student must maintain a sequence of symbolic transformations. The combination of Polya
and CLT provides useful analytical architecture for this concept. Polya identifies the process
location of the barrier, while CLT helps interpret the cognitive demands associated with
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coordinating interacting elements. The resulting framework can therefore be represented as
a mathematical representation, problem-solving process, and cognitive demand. This is
potentially the strongest theoretical contribution of the study. Rather than treating spatial
reasoning, algebraic manipulation, and problem-solving stages as separate dimensions, the
findings suggest that students’ difficulties may be better understood through their
interaction.

Pedagogical Implications

The findings have several implications for mathematics instruction. First, instruction
on conic sections should explicitly support transitions between geometric and algebraic
representations. For hyperbola problems, students should be encouraged to construct or
interpret a spatial representation before selecting the standard equation. For example,
determining the orientation from the relative position of the centre, vertex, and focus should
precede formula selection. Second, procedural transformations such as completing the
square should be taught not merely as symbolic algorithms but as transformations whose
mathematical purpose is made explicit. Students who know that completing the square is
required but cannot execute it may benefit from instruction that decomposes the procedure
into meaningful intermediate states while gradually increasing procedural complexity. Such
an approach is consistent with the broader CLT principle that instructional design should
manage unnecessary processing demands so that working-memory resources can be directed
toward essential mathematical relationships [38].

Third, the look-back stage should be strengthened as a representational verification
process. Students should be encouraged to compare the final equation with the original
geometric information rather than merely checking whether calculations appear complete.
This aligns with evidence that inadequate evaluation remains a persistent challenge in
mathematical problem solving [39]. Finally, the findings suggest potential value in visual
and dynamic representations. However, technology should not simply be added to reduce
procedural effort. Its role should be to help students connect spatial relationships with
algebraic parameters and thereby support schema construction. The use of technology in
mathematical problem solving is most productive when it supports the construction of
mathematical reasoning rather than merely automating calculations.

Limitations and Directions for Further Research

Several limitations should be considered when interpreting these findings. First, the
study involved 25 students from two class groups and therefore should be understood as a
preliminary qualitative investigation, rather than a basis for generalising the prevalence of
cognitive barriers. Second, the study relied primarily on written metacognitive reflections
and written problem-solving artefacts. These sources provide valuable evidence concerning
students’ reported experiences and observable procedures, but they do not provide direct
access to moment-to-moment cognitive processing. Third, CLT was used as an interpretive
framework rather than as a direct measurement system. Consequently, the classification of
difficulties as ICL, ECL, or GCL-related should be understood as theoretically informed
interpretations rather than measurements of actual cognitive load. Future research could
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strengthen this line of inquiry by combining qualitative analysis with validated cognitive-
load measures, process tracing, think-aloud protocols, eye-tracking, or experimental
comparisons of different representational supports.

Future studies could also investigate whether the identified spatial-algebraic barriers
can be reduced through targeted interventions that integrate dynamic visualisation, explicit
schema development, worked examples, and metacognitive prompts. Such studies would
allow the preliminary categories identified here to be tested beyond the descriptive context
of the present dataset. Overall, the findings suggest that students’ difficulties with ellipse
and hyperbola problems are best understood not as isolated failures of formula recall or
algebraic computation, but as breakdowns in the coordination of spatial meaning,
mathematical schemas, symbolic procedures, and metacognitive evaluation. Polya helps
reveal the trajectory of these breakdowns across the problem-solving process, while CLT
provides a complementary explanation of why coordinating multiple interacting elements
may become cognitively demanding. The most consequential insight is therefore that spatial
and algebraic reasoning should not be treated as separate instructional targets in conic-
section learning. Their coordination constitutes a central part of successful problem solving.
The concept of a spatial-algebraic cognitive barrier provides a preliminary framework for
describing this interface and offers a basis for designing subsequent research and
instructional interventions.

4. CONCLUSION

This study investigated the characteristics of students’ spatial-algebraic cognitive
barriers when solving ellipse and hyperbola problems through the integration of Polya’s
problem-solving heuristics and Cognitive Load Theory. The findings indicate that students’
difficulties were not limited to isolated conceptual or computational errors but emerged from
the coordination of spatial interpretation, mathematical schema activation, algebraic
procedures, and solution evaluation.

Four interconnected characteristics of spatial-algebraic cognitive barriers were
identified. The first was spatial interpretation difficulty, particularly in determining the
orientation of a hyperbola and interpreting the relationships among the centre, vertex, and
focus. The second was schema retrieval and parameter-construction difficulty, in which
students recognised the relevant mathematical topic or equation but struggled to translate
geometric information into parameters a,b, and c. The third was procedural-algebraic
interruption, particularly in transforming the general equation of an ellipse into standard
form through completing the square. The fourth was variation in solution evaluation,
reflected in differences between students who recognised that their solutions were
incomplete and those who expressed confidence despite remaining uncertainty.

The integration of Polya’s heuristics and Cognitive Load Theory provided
complementary insights into these barriers. Polya helped trace the barriers across the
problem-solving process, while CLT provided a theoretical basis for interpreting the
cognitive demands associated with coordinating interacting mathematical elements.
Importantly, the CLT categories in this study represent qualitative interpretations rather than
direct measurements of students’ cognitive load. The findings therefore suggest that the
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central difficulty in conic-section problem solving lies not exclusively in spatial reasoning
or algebraic manipulation, but at the interface between spatial meaning and algebraic
representation.

Theoretically, the study proposes a spatial-algebraic cognitive barrier as a useful
analytical concept for describing difficulties that arise when students coordinate geometric-
spatial information with symbolic-algebraic representations during problem solving. This
concept provides a more integrated perspective than treating spatial reasoning, algebraic
manipulation, and problem-solving stages as independent dimensions. It also suggests that
the direction of representational transformation matters: hyperbola problems primarily
exposed difficulties in moving from geometric information toward algebraic parameters,
whereas ellipse problems more strongly exposed difficulties in maintaining sequential
algebraic transformations. Pedagogically, the findings suggest that instruction on conic
sections should move beyond formula memorisation and explicitly support the coordination
of geometric representations, algebraic parameters, symbolic procedures, and metacognitive
evaluation. Instructional scaffolding should help students establish the relationships among
the centre, vertex, focus, and parameters in hyperbola problems, while providing structured
support for algebraic transformations such as completing the square in ellipse problems.
Future research should examine whether targeted representational and metacognitive
scaffolds can reduce these barriers and should combine qualitative evidence with direct or
validated measures of cognitive load to examine further the cognitive mechanisms
underlying students’ spatial-algebraic difficulties.
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