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This study addresses the limited development of students’
mathematical critical thinking ability in conventional classrooms and
investigates the effectiveness of a flipped classroom supported by
adaptive testing. The objective of this study is to examine the effect of
this instructional approach on students’ mathematical critical thinking
ability. An explanatory sequential mixed-methods design with a
quasi-experimental pretest—posttest control group structure was
employed, involving 64 students assigned to experimental and control
groups. Data were collected through pre- and posttests, interviews,
and classroom observations. Quantitative analysis using an
independent samples t-test revealed a statistically significant
difference in posttest scores, t(62) = 4.28, p <.001, with a large effect
size (Cohen’s d = 1.07). The experimental group achieved a medium
normalized gain (0.47), while the control group demonstrated a low
gain (0.18). Qualitative findings indicated that students in the
experimental group demonstrated more elaborated argument
clarification, systematic process evaluation, relational inference and
deduction, and strategic completion of missing information. In
contrast, control group responses were predominantly procedural and
recall-oriented. These findings suggest that the integration of flipped
pedagogy and adaptive testing enhances higher-order reasoning
processes and students’ mathematical performance, while adaptive
testing is theoretically associated with more calibrated cognitive
challenge and potentially more precise ability estimation.
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1. INTRODUCTION

Mathematical critical thinking has become a central concern in contemporary
mathematics education, particularly in preparing prospective teachers to engage with
complex reasoning, justification, and problem-solving demands. However, despite its
recognized importance, the development of students” mathematical critical thinking remains
suboptimal, as instruction in many contexts continues to emphasize procedural fluency over
higher-order reasoning. This condition reflects a critical gap between the expected
competencies of prospective teachers and the instructional practices commonly implemented
in mathematics classrooms.

Mathematical critical thinking encompasses several interrelated cognitive processes,
including clarification of arguments, evaluation of reasoning procedures, logical inference
and deduction, and strategic reconstruction of incomplete information [1], [2]. These
dimensions align with constructivist learning theory, which posits that knowledge is actively
constructed through meaningful engagement and reflection. Thus, instructional
environments must be designed not only to deliver content but also to facilitate structured
reasoning processes that support the development of higher-order thinking.

Instructional innovation has increasingly shifted toward student-centered
approaches. One prominent model is the flipped classroom, which reorganizes learning
activities by relocating direct instruction to the pre-class phase and utilizing in-class time for
active problem solving and collaborative reasoning [3], [4]. Previous studies have
demonstrated that flipped learning can improve student engagement, conceptual
understanding, and academic achievement [5]. Most existing studies primarily focus on
learning outcomes rather than examining how flipped instruction influences the structure of
students’ mathematical reasoning processes.

Alongside pedagogical reform, assessment practices have also evolved.
Computerized adaptive testing offers a dynamic measurement approach in which item
difficulty adjusts according to student performance, allowing more precise estimation of
ability levels [6], [7]. Prior research highlights the efficiency and accuracy of adaptive testing
in educational measurement. However, these studies largely treat assessment as a standalone
measurement tool, without integrating it into instructional processes aimed at fostering
higher-order thinking.

Despite the growing body of research on flipped classrooms and adaptive testing, a
significant research gap remains in understanding how the integration of these two
approaches can jointly support and explain the development of mathematical critical
thinking. Existing flipped classroom studies in mathematics primarily examine achievement
outcomes or engagement indicators [3], [5], yet rarely analyze how flipped structures interact
with adaptive assessment mechanisms to shape reasoning processes. Similarly, research on
computerized adaptive testing has largely focused on measurement precision and
psychometric efficiency [6], [7], without embedding adaptive testing within a pedagogical
framework designed explicitly to cultivate higher-order mathematical thinking.

Furthermore, studies of mathematical critical thinking often assess performance
through static instruments, providing outcome comparisons without examining how
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instructional design influences reasoning development [1], [2]. This separation between
pedagogy and measurement creates a conceptual gap. Instruction is treated as the driver of
learning, while assessment functions merely as an evaluator rather than as a mediating
mechanism within the learning process.

What remains underexplored is how an adaptive-test—supported flipped classroom
might not only enhance critical thinking outcomes but also reshape the reasoning structures
through which those outcomes are produced. Addressing this gap requires a design that
measures performance quantitatively while explaining the processes qualitatively.

This study addresses that gap by investigating the effectiveness of a flipped
classroom model supported by adaptive testing in improving mathematical critical thinking
among prospective mathematics teachers. The study adopts an explanatory sequential
mixed-methods design to examine both the magnitude of improvement and the reasoning
mechanisms underlying observed changes [8].

Quantitatively, the study compares pretest and posttest scores between an
experimental group receiving adaptive-test—supported flipped instruction and a control
group receiving conventional instruction. Improvement is examined through gain and
normalized gain analyses. Qualitatively, interviews and classroom observations are used to
explore how students articulate arguments, evaluate processes, construct deductions, and
complete missing information within the instructional context.

The following questions guide the research:

1. To what extent does the implementation of a flipped classroom supported by adaptive
testing improve students’ mathematical critical thinking ability?

2. How do students’ reasoning processes manifest within the adaptive-test-supported
flipped classroom environment?

The findings of this study are expected to contribute both theoretically and
practically. Theoretically, the study offers an integrated perspective that connects
instructional design and adaptive assessment within the framework of mathematical critical
thinking. Practically, it provides empirical evidence and instructional insights for educators
in designing learning environments that effectively promote higher-order thinking.
Ultimately, this research is expected to support the development of prospective mathematics
teachers who are capable of engaging in complex and reflective mathematical reasoning.

2. METHOD
2.1 Research design

This study employed an explanatory sequential mixed-methods design, in which
quantitative findings were generated through a quasi-experimental pretest—posttest control
group procedure and subsequently elaborated through qualitative interpretation. The
sequential logic followed Creswell and Plano Clark, where statistical results serve as the
analytic starting point and are later explained through qualitative evidence [8].

The quantitative strand aimed to determine whether the flipped classroom model
supported by adaptive testing significantly improved students’ mathematical critical
thinking ability. The qualitative strand was conducted to explain differences in improvement
patterns observed across students.
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2.2 Instructional Model

The instructional intervention in the experimental group was grounded in the flipped
classroom framework articulated by Lo et al., who emphasize relocating direct instruction
to the pre-class phase and using classroom time for higher-order mathematical engagement
[3]. Students accessed instructional videos and digital materials through Moodle prior to
attending class. This structure aligns with the pedagogical reorganization described by
Cevikbas and Kaiser, where in-class time is optimized for active learning and collaborative
reasoning [4].

During classroom sessions, students engaged in case-based problem solving,
discussion, and structured reasoning tasks intended to stimulate critical mathematical
thinking. The lecturer functioned as a facilitator, guiding conceptual clarification and
argument development.

The intervention was conducted over eight instructional sessions (approximately four
weeks), with one flipped session per meeting. Each session consisted of a pre-class phase
(video-based learning and reading materials) and an in-class phase (problem solving and
discussion). The flipped structure was supported by adaptive formative testing based on
computerized adaptive testing principles described [6]. The adaptive testing was
implemented through the Moodle quiz module using conditional branching and question
bank stratification based on difficulty levels. This mechanism aimed to provide
individualized challenge and more precise ability estimation, functioning simultaneously as
assessment and scaffolding within the flipped learning environment. The adaptive test
functioned primarily as a formative assessment during the intervention and was not directly
used as the posttest measurement instrument.

2.3 Research site and participants

Participants were prospective mathematics teacher students enrolled in the Tadris
Matematika Department at UIN Siber Syekh Nurjati Cirebon. Based on the most recent
quantitative dataset, the study involved 64 students, divided equally into 32 students in the
experimental group and 32 students in the control group. The sampling procedure followed
an intact group (quasi-experimental) design, in which existing classes were assigned as
experimental and control groups without random individual assignment. Both groups
completed a pretest prior to the intervention and a posttest after the instructional period.
Individual gain and normalized gain (N-gain) scores were calculated for each participant.

2.3 Variables of study

Variables of the Study

The independent variable in this study was the flipped classroom model supported
by adaptive testing, which reorganized instruction by relocating content acquisition to the
pre-class phase and integrating adaptive formative assessment during learning. The
dependent variable was students’ mathematical critical thinking ability, operationalized
through performance on tasks measuring argument clarification, process evaluation,
deductive inference, and strategic completion of missing information. Instructional group
served as the comparative factor, distinguishing students exposed to the flipped adaptive
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model from those receiving conventional instruction, while normalized gain scores were
used to capture proportional improvement across groups.

2.4 Data collection procedures

Mathematical critical thinking ability was measured using a structured written test
administered as a pretest and posttest. The instrument assessed four dimensions of
mathematical critical thinking as conceptualized by Evendi and Kannadass, namely
clarification of arguments, evaluation of reasoning processes, inference and deduction, and
strategic completion of missing information [1], [2]. Improvement was calculated using raw
gain scores and normalized gain (N-gain), computed from individual pretest and posttest
scores as documented in the dataset.

2.5 Data collection procedures

Mathematical critical thinking ability was measured using a structured written test
administered as a pretest and posttest. The instrument assessed four dimensions of
mathematical critical thinking as conceptualized by Evendi and Kannadass, namely
clarification of arguments, evaluation of reasoning processes, inference and deduction, and
strategic completion of missing information [1], [2].

The instrument consisted of 8 open-ended items designed to elicit higher-order
reasoning. Each item was scored using an analytic rubric ranging from 0 to 4, resulting in a
maximum total score of 32. Content validity was established through expert judgment
involving two mathematics education specialists, while construct validity was examined
through item—indicator alignment. Reliability analysis using Cronbach’s alpha yielded a
coefficient of 0.82, indicating high internal consistency. Improvement was calculated using
raw gain scores and normalized gain (N-gain), computed from individual pretest and posttest
scores as documented in the dataset.

2.6 Data analysis

Quantitative analysis followed statistical procedures recommended by the field.
Descriptive statistics were first computed to examine mean pretest, posttest, gain, and N-
gain values for both groups [9].

Within-group improvement was analyzed using paired-sample t-tests to determine
whether pretest—posttest differences were statistically significant. Between-group
differences were examined using independent-samples t-tests comparing posttest and N-gain
scores between the experimental and control groups. Statistical significance was set at o =
0.05, and effect sizes were calculated to determine the magnitude of instructional impact.

Following the explanatory sequential design, qualitative data collection was guided
by quantitative results [8]. Students from the experimental group were selected using
maximum variation sampling based on N-gain categories (high, moderate, and low
improvement). A total of 9 students (three from each category) were interviewed.

Semi-structured interviews explored how students experienced adaptive difficulty
shifts, how pre-class preparation influenced in-class reasoning, and how they constructed
mathematical arguments. Each interview lasted approximately 30-45 minutes and was
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audio-recorded and transcribed verbatim. Classroom observations were conducted during all
intervention sessions using structured observation sheets and field notes.

Data were analyzed thematically using deductive coding based on the four critical
thinking indicators and inductive coding to identify emergent reasoning patterns. To ensure
trustworthiness, data triangulation (interviews and observations) and peer debriefing were
employed.

Integration followed an explanatory approach in which qualitative themes were used
to interpret quantitative improvement patterns. Statistical evidence of differential N-gain
between groups was examined alongside qualitative accounts of adaptive engagement and
reasoning development. Through this integration, the study sought to explain how the flipped
classroom model [3] and adaptive testing mechanism [6] jointly contributed to the
development of mathematical critical thinking ability.

3. RESULTS AND DISCUSSION

This section presents the findings in accordance with the explanatory sequential
mixed-methods design. The quantitative results are first reported to determine the extent to
which the flipped classroom supported by adaptive testing influenced students’
mathematical critical thinking ability through descriptive statistics, inferential analysis,
normalized gain, and effect size estimation. These outcomes establish the magnitude and
direction of instructional impact. The discussion then incorporates qualitative evidence from
interviews and classroom observations to clarify how reasoning processes unfolded during
implementation, thereby providing an explanatory account of the statistical patterns
identified in the initial phase.

3.1 Quantitative Findings (RQ1)

To address RQ1, “To what extent does the implementation of a flipped classroom
supported by adaptive testing influence students’ mathematical critical thinking ability?”,
descriptive and inferential statistical analyses were conducted on pretest and posttest scores
from both groups. In addition to mean comparison, normalized gain analysis and effect size
estimation were performed to determine the magnitude of instructional impact.

Table 1. Descriptive Statistics of Mathematical Critical Thinking Scores

Statistics Experimental Class  Control Class
Pretest Posttest  Pretest Posttest
N 32 32 32 32
Mean 11.88 14.72 12.06 10.75
Std. Deviation 1.39 3.82 2.14 3.63
Minimum 9 7 8 7
Maximum 15 20 19 20

The descriptive results indicate divergent learning trajectories. The experimental
group improved from a mean of 11.88 to 14.72, yielding a mean gain of 2.84 points. In
contrast, the control group decreased from 12.06 to 10.75, resulting in a negative mean gain
of 1.31 points. The higher posttest maximum score in the experimental class suggests that
several students reached advanced levels of performance after the intervention.
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These patterns indicate that students exposed to flipped instruction supported by
adaptive testing demonstrated measurable cognitive progress, whereas conventional
instruction not only failed to produce comparable improvement but was also associated with
a decline in mean performance. This downward shift in the control group is pedagogically
important because it suggests that routine teacher-centered learning may be insufficient to
maintain students’ critical thinking performance when assessment tasks demand
explanation, deduction, and strategic reconstruction rather than straightforward recall.

The conventional class was less consistently engaged in reflective and self-regulated
reasoning practices during the intervention period. Control-group students tended to rely on
recall-based responses, brief procedural execution, and formula matching, with less evidence
of systematic verification.

Table 2. Independent Samples t-test and Effect Size (Posttest Scores)

Group N Mean Std. Dev t df Sig. (2-tailed) Cohen’s d
Experimental 32 1472 3.82 428 62 0.000 1.07
Control 32 1075 3.63

The independent samples t-test revealed a statistically significant difference between
groups, t(62) = 4.28, p < .001. The mean difference of 3.97 points indicates a substantial
separation in posttest performance.

Effect size analysis yielded Cohen’s d = 1.07, which falls within the large category.
This magnitude reflects a strong practical impact, indicating that the observed difference is
educationally meaningful rather than merely statistically detectable. The effect size suggests
that a considerable proportion of students in the experimental group outperformed their peers
in the control group at the conclusion of the intervention.

Table 3. Normalized Gain (N-Gain) Comparison

Group N Mean N-Gain Category
Experimental 32 0.47 Medium
Control 32 0.18 Low

The normalized gain analysis reinforces these findings. The experimental class
achieved an average N-Gain of 0.47, classified as medium improvement, whereas the control
class reached 0.18, categorized as low.

To examine proportional impact, the effect size for N-Gain was also calculated. The
resulting Cohen’s d value of 0.98 indicates a large magnitude difference in learning growth
between groups. This confirms that the flipped classroom supported by adaptive testing
enhanced not only absolute performance but also proportional cognitive development
relative to initial ability levels.

Across descriptive statistics, inferential testing, normalized gain classification, and
effect size estimation, the results consistently indicate that the flipped classroom supported
by adaptive testing exerts a strong instructional influence on mathematical critical thinking
ability. The convergence of statistical significance and large effect size provides robust
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empirical support for the effectiveness of the intervention and establishes a quantitative
foundation for the subsequent explanatory qualitative analysis.

3.2 Qualitative Findings (RQ2)

The qualitative findings examine how mathematical critical thinking was enacted
during classroom interaction and individual reasoning. Rather than merely cataloguing
correct responses, the analysis focuses on how students articulated arguments, evaluated
processes, constructed deductions, and generated missing information. The themes below
are organized according to the four indicators of mathematical critical thinking assessed in
this study.

1) Clarification of Arguments and Statements

The first theme concerns students’ ability to clarify arguments and articulate
mathematical statements beyond surface-level recall. This indicator does not simply measure
whether students know a property, but whether they can justify and elaborate on the
reasoning behind it. The interviews reveal differences in how students framed explanations,
especially when prompted to go beyond rule-based responses.

One experimental student explained, “An isosceles triangle has two equal sides and
two equal angles. I think the base angles are equal because the triangle is symmetrical”
(SE1). This statement shows intuitive structural reasoning. The student recognizes symmetry
as a governing idea, suggesting that conceptual relationships are being perceived rather than
memorized mechanically. However, the explanation remains implicit and lacks reference to
formal geometric principles such as congruence or reflective symmetry. The student
demonstrates emerging analytical thinking but has not yet consolidated it into a theorem-
based justification.

Another student stated, “All triangles have angles that add up to 180 degrees. If one
angle is 90, the other two must add to 90. That’s the rule” (SE2). Here, the student correctly
applies the angle sum principle and contextualizes it in a specific case. The reasoning is
procedurally coherent, yet epistemically closed. By referring to it as “the rule,” the student
frames the knowledge as an accepted fact rather than derived reasoning. The explanation
signals confidence in usage but limited engagement with foundational proof.

In the control group, one student remarked, “The sum of angles is 180 because that’s
what we learned before” (SC1). This response indicates reliance on prior instruction rather
than reconstruction of logic. The statement reflects recall without expansion. Unlike the
experimental students, there is minimal attempt to elaborate or connect ideas. Observation
data confirm that in the experimental class, students were more inclined to extend
explanations when prompted (OBS1), whereas control class responses tended to conclude
quickly unless further questioned (OBS2).

Collectively, the data suggest that experimental students were more willing to
attempt clarification, even if incomplete, whereas control students were more likely to treat
mathematical statements as fixed information.
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2) Evaluation of Process and Systematization

The second theme concerns how students evaluated their own procedural reasoning
and organized solution steps systematically. This indicator reflects metacognitive awareness
and the ability to monitor reasoning rather than merely execute formulas.

One experimental student described, “First, I identify the base and the height. Then
I multiply them. After that, I check again to make sure I didn’t mix up the numbers” (SE1).

The student explicitly frames problem-solving as a sequenced process. The act of
rechecking is articulated as part of the reasoning cycle, not as an afterthought. This reveals
awareness that mathematical reasoning requires validation. The explanation reflects
structured thinking rather than linear execution.

Another student noted, “Before calculating, I check if the values are correct from the
question” (SE2). This indicates that verification begins even before computation. The
student demonstrates sensitivity to the accuracy of input data and alignment between the
problem statement and formula. Such behavior reflects procedural discipline and internal
regulation. It suggests that reasoning is treated as something to manage carefully rather than
complete quickly.

In contrast, a control student stated, “Ifthe result looks right, I usually continue to
the next problem” (SC2). The phrase “looks right” suggests intuitive plausibility rather than
structured validation. The reasoning process appears outcome-driven rather than process-
aware. Observation notes confirm that verification in the control group was often reactive
and prompted by lecturer feedback rather than initiated independently (OBS3). This theme
indicates that experimental students more frequently articulated reasoning as a monitored
process, whereas control students tended to treat procedures as tasks to be completed.

3) Inference and Deduction

The third theme focuses on deductive reasoning and the ability to manipulate
mathematical relationships logically. This indicator examines whether students treat
formulas as static tools or dynamic structures that can be reorganized.

One experimental student explained, “If I know the circumference, I divide it by 2n
to get the radius”’ (SE1). The reasoning demonstrates algebraic transformation rather than
direct substitution. The student isolates the variable conceptually, indicating understanding
of equation structure. The explanation reflects awareness that formulas represent
relationships that can be reorganized. This suggests relational thinking rather than
memorized procedure.

Another student elaborated, “If 1 know the area, I rearrange the formula. So r equals
the square root of L divided by m. After I get r, [ multiply by two to get the diameter” (SE3).
The reasoning unfolds in multiple inferential stages. Each step logically builds on the
previous one. The student constructs intermediate conclusions before reaching the final
answer. This layered reasoning reflects confidence in manipulating symbolic relationships.

In the control group, one student commented, “/ use the formula that matches the
question” (SC1). The statement emphasizes formula selection rather than transformation.
The reasoning appears linear and application-focused. Observation data show fewer
discussions of alternative solution pathways in the control class (OBS4). Overall, deductive
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reasoning in the experimental group appears more flexible and structurally articulated,
whereas in the control group it remains largely substitution-based.

4) Strategy in Completing Missing Information

The final theme concerns how students responded when problems lacked direct
information. This indicator reflects adaptive reasoning and the ability to generate
intermediate steps independently.

One experimental student stated, “If I only know the perimeter, I divide it by four to
get the side, then I use s squared to find the area” (SE1). The student identifies a missing
variable and constructs it deliberately. The reasoning reflects planning and recognition of
dependency among variables. The solution path is generated rather than immediately given.
This indicates strategic reconstruction.

Another student explained, “The height wasn'’t there, so I used sine to calculate the
area” (SE2). The response shows flexibility in shifting conceptual frameworks. The student
moves from geometric reasoning to trigonometric reasoning when needed. Such flexibility
suggests that mathematical knowledge is organized as interconnected systems rather than
isolated formulas.

In the control group, hesitation was more common when required data were absent.
Observation notes indicate pauses and requests for clarification when key variables were not
explicitly provided (OBS2). The pattern suggests that experimental students were more
likely to attempt reconstruction of missing information, whereas control students more
frequently waited for complete data before proceeding.

Across all four themes, differences emerge in reasoning depth, monitoring,
transformation, and adaptive strategy use. Experimental students articulate longer
explanations, verify procedures more explicitly, reorganize formulas with greater flexibility,
and generate intermediate information more confidently. Control students often demonstrate
correct answers but shorter reasoning chains and less visible metacognitive regulation.

This section presents the qualitative findings descriptively. The following section
integrates these patterns with quantitative results to explain differential learning outcomes.

3.3 Integration Findings (RQ3)

The integration phase explains how the statistical differences identified in RQ1 are
supported by the reasoning patterns observed in RQ2. Quantitative results showed
significant posttest differences, large effect sizes, and higher normalized gain in the
experimental group. These indicators confirm strong instructional impact, yet they do not by
themselves explain how that improvement occurred.

The qualitative findings provide the explanatory layer. Differences emerged in how
students clarified arguments, monitored procedures, transformed formulas, and
reconstructed missing information. The joint display below aligns these process-level
patterns with statistical outcomes to demonstrate how shifts in reasoning depth and
metacognitive regulation correspond to measured gains in mathematical critical thinking.
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Table 5. Joint Display of Quantitative Results and Qualitative Explanations

Quantitative Results

Qualitative Evidence (RQ2)

Integrated Interpretation

(RQ1)
Post-test Mean Experimental students articulated The large effect size is consistent with
Difference: structural reasoning: deeper conceptual articulation in the

Experimental =
14.72; Control =
10.75

t(62) = 4.28, p <.001
Cohen’s d = 1.07
(Large)

Mean Gain:
Experimental = +2.84
Control =—1.31

Normalized Gain:
Experimental = 0.47
(Medium)

Control = 0.18 (Low)
N-Gain Effect Size d
=0.98 (Large)

Higher Posttest
Maximum (20) in
Experimental
Group

“I think the base angles are equal
because the triangle is
symmetrical.” (SE1)

Control students relied on recall:
“The sum of angles is 180 because

that’s what we learned before.”
(SC1)

OBS1 shows an extended
explanation in the experimental
class; OBS2 shows brief responses
in the control.

Experimental students described
sequenced verification:

“After that, I check again to make
sure I didn’t mix up the numbers.”
(SE1)

“Before calculating, I check if the
values are correct.” (SE2)

Control student:
“If the result looks right, I usually
continue.” (SC2)

OBS3 confirms reactive verification
in the control group.

Experimental students reorganized
formulas:

“I divide it by 2r to get the radius.”
(SE1)

“I rearrange the formula... then
multiply by two.” (SE3)

Control student:

“I use the formula that matches the
question.” (SC1)

OBS4 shows limited alternative
pathway discussion in the control.
Experimental students
reconstructed missing variables:
“If I only know the perimeter, 1
divide it by four to get the side.
(SE1)

“The height wasn't there, so I used
sine.” (SE2)

”

OBS?2 reports hesitation in the
control group when the data is
incomplete.

experimental group. Flipped learning with
adaptive testing appears to shift reasoning
from recall-based justification toward
structural explanation, increasing
conceptual clarity and argumentative
elaboration.

Positive gain in the experimental group
aligns  with  explicit  metacognitive
monitoring. Improvement is not merely
score-based but process-based. The
negative gain in the control group
corresponds with outcome-oriented
reasoning lacking systematic verification.

The large N-Gain effect reflects
proportional ~ cognitive  restructuring.
Experimental students treat formulas as
relational systems that can be manipulated.
Control students apply formulas statically.
Growth appears tied to structural flexibility
rather than formula recognition alone.

The emergence of higher peak performance
corresponds  with  adaptive  strategy
generation. Students in the experimental
group demonstrate strategic reconstruction
under incomplete conditions, indicating
higher-order  transfer —and  flexible
reasoning.
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The joint display reveals a consistent pattern of convergence between statistical
magnitude and qualitative depth. Each quantitative indicator is mirrored by a distinct shift
in how reasoning was enacted in the classroom. The integration, therefore, does not merely
juxtapose numbers and narratives; it shows structural alignment between performance
growth and cognitive processes.

First, the large posttest difference (Cohen’s d = 1.07) corresponds with differences
in argumentative clarification. Experimental students attempted structural explanations,
invoking symmetry and relational properties, even when their justifications were not fully
formalized. Control students, by contrast, framed statements as remembered rules. This
distinction is subtle but consequential. The statistical separation in scores reflects more than
accuracy; it reflects expansion in explanatory effort. Higher mean performance aligns with
greater willingness to elaborate and connect ideas conceptually.

Second, the divergence in mean gain (+2.84 vs. —1.31) is coherently explained by
differences in procedural monitoring. Experimental students described sequenced reasoning
and explicit verification, indicating that checking and validating were internalized as part of
problem solving. Control students relied on intuitive plausibility, often proceeding when
answers “looked right.” The negative gain in the control group is not an anomaly but
consistent with reasoning that is outcome-driven rather than process-regulated. Improvement
appears tied to metacognitive discipline rather than task completion speed.

Third, the large effect size in normalized gain (d = 0.98) is mirrored in students’
treatment of formulas. Experimental students reorganized equations, isolated variables, and
articulated multi-step transformations. Control students selected formulas that “matched”
the question but rarely manipulated them structurally. The proportional growth captured by
N-Gain reflects cognitive restructuring. When formulas are understood as relational systems
rather than fixed templates, learning extends beyond substitution into flexible deduction.

Finally, the higher posttest maximum in the experimental class corresponds with
adaptive reconstruction strategies. When information was incomplete, experimental students
generated intermediate variables and shifted conceptual frameworks, including
trigonometric reasoning when necessary. Observation data show that control students
hesitated under similar conditions. Peak performance, therefore, appears linked to strategic
autonomy. Students who can generate missing information demonstrate transfer, not just
retention.

Across all rows, the table indicates explanatory coherence. Statistical improvement
is consistently associated with deeper articulation, monitored reasoning, symbolic flexibility,
and adaptive strategy use. The flipped classroom supported by adaptive testing did not
merely increase scores; it altered the structure of reasoning enacted during problem solving.
This alignment strengthens the causal plausibility of the intervention and provides a process-
based explanation for the observed quantitative effects.

3.4 Discussion

The findings of this study indicate that the flipped classroom supported by adaptive
testing generated substantial improvement in students’ mathematical critical thinking. The
large posttest effect size and meaningful normalized gain are not isolated statistical artifacts;
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they are consistent with qualitative evidence showing deeper clarification of arguments,
structured verification, relational manipulation of formulas, and adaptive reconstruction of
missing information. The convergence between measured performance and enacted
reasoning suggests that the intervention influenced the structure of cognition rather than
merely accelerating procedural fluency. Despite the promising findings, the relatively small
sample size and the use of a single institutional context limit the generalizability of the
results. The observed effects should therefore be interpreted as context-bound rather than
universally representative.

These results are theoretically aligned with research demonstrating that students
learn more effectively when they apply knowledge rather than recall procedures [3], [10].
Conceptual problems require learners to recognize relevant mathematical ideas
independently [11], [12], to analyze and model relationships [13], and to articulate reasoning
in ways that extend beyond algorithmic substitution. The experimental group’s increased use
of relational explanations and multi-step transformations reflects this shift. Such reasoning
corresponds with the broader claim that flipped instruction reallocates classroom time
toward higher-order thinking and problem solving [5], [14].

The mechanism underlying this shift appears to involve conceptual integration.
Learning is strengthened when new knowledge is connected to prior beliefs and schemas
[3]. The qualitative data show students deriving intermediate variables, reorganizing
formulas, and shifting between geometric and trigonometric frameworks. These practices
illustrate integration rather than repetition. Peer explanation and dialogic exchange, both
associated with flipped learning environments, are also known to enhance understanding
through argumentative clarification [15], [16]. The observed expansion in explanatory
chains suggests that students increasingly treated mathematical knowledge as a system of
relations. The limited duration of the intervention constrains the extent to which long-term
impacts on critical thinking development can be inferred. The findings primarily reflect
short-term cognitive gains rather than sustained transformation.

The adaptive testing component introduces an additional explanatory dimension.
Adaptive assessment selects items matched to the learner’s estimated ability [17], [18], and
is theoretically associated with maximizing informational value and improving measurement
precision [19], [20]. By aligning difficulty with ability, adaptive tests theoretically maintain
appropriate cognitive challenge [18], [21]. The sustained engagement and extended
reasoning observed in the experimental group are consistent with this principle. Furthermore,
adaptive performance is evaluated based on which items are answered correctly, not merely
the quantity of correct responses [18]. This emphasis on response quality parallels the
study’s focus on reasoning depth rather than surface accuracy.

Methodologically, the use of adaptive structures resonates with broader international
trends. Large-scale assessments such as PISA have implemented multistage adaptive testing
to improve precision and fairness across ability levels [22], [23]. The emphasis on accurate
ability estimation and minimization of measurement error [6], [19] reflects a shift away from
static total-score logic, which may obscure comparability [24]. When adaptive logic is
embedded within instruction, it is theoretically expected to enhance cognitive engagement
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and may potentially contribute to more precise ability estimation, as suggested in prior
literature.

At the same time, the literature cautions that adaptive testing may introduce affective
challenges. Higher test anxiety can negatively influence performance in adaptive
environments [18], [25], [26]. Although anxiety was not directly examined here, future
research should consider emotional regulation as part of the critical thinking assessment. The
validity of adaptive measurement depends not only on algorithmic precision but also on
learners’ psychological readiness [27], [28].

The formative dimension of adaptive systems also deserves attention. Structured
formative assessment has been shown to promote achievement in flipped contexts[3].
Automatic formative assessment systems, particularly those offering interactive feedback,
support reasoning at activity, process, and self-regulation levels [29], [30]. Such feedback
shifts education from static knowledge transmission toward skill construction [31]. The
qualitative evidence of verification and self-monitoring in the experimental group suggests
that adaptive testing functioned not merely as evaluation but as formative scaffolding. It is
also important to acknowledge the potential influence of instructor effects, as variations in
teaching style, facilitation quality, and familiarity with flipped pedagogy may have
contributed to the observed outcomes.

Broader scholarship on digital learning environments reinforces this interpretation.
Active and self-regulated learning is associated with enhanced critical thinking development
[32], [33]. Social interaction and cognitive presence are central to higher-order reasoning
processes [34], yet purely descriptive analytic approaches may fail to capture deeper
constructs [35], [36]. The integration of adaptive measurement with flipped pedagogy
appears to overcome this limitation by linking interaction, reasoning articulation, and
performance estimation within a coherent system.

Finally, the contextual validity of critical thinking assessment remains a persistent
concern. Educational research has shown that unadapted instruments may not accurately
reflect local students’ real performance [7], [37], [38]. The present study contributes by
situating adaptive testing within an instructional ecology rather than importing it as a
detached measurement tool. By aligning pedagogy, formative feedback, and adaptive
estimation, the intervention appears to have created conditions under which mathematical
reasoning became both more explicit and more measurable. These limitations indicate that
the findings should be interpreted with caution, and further research involving larger
samples, multiple institutional settings, longer intervention periods, and controlled instructor
variables is necessary to strengthen the robustness and transferability of the results.

In sum, the discussion suggests that the observed gains in mathematical critical
thinking stem from instructional assessment coherence. Flipped pedagogy expanded
opportunities for analysis, argumentation, and collaborative reasoning [39], [40]. Adaptive
testing is conceptually designed to calibrate cognitive demand and is often associated in the
literature with more precise measurement. Their interaction appears to have reshaped the
structure of students’ reasoning while rendering its growth statistically detectable. Future
research should further examine affective moderation, long-term transfer, and contextual
adaptation to ensure that such coherence remains both effective and equitable.
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3.5 Conclusion

This study demonstrates that integrating a flipped classroom with adaptive testing
supports the development of students’ mathematical critical thinking, as reflected in more
structured, reflective, and flexible reasoning processes. The findings indicate that the
observed improvement is not only statistical but also process-based, highlighting the
importance of alignment between instructional design and assessment mechanisms in
fostering higher-order thinking. These findings should be interpreted with caution. The study
was conducted with a relatively small and localized sample of prospective mathematics
teachers within a single institutional context, and the intervention was implemented over a
limited duration. These constraints restrict the generalizability of the results and limit
conclusions regarding long-term impact.

This study reinforces the view that pedagogy and assessment function most effectively
as an integrated system. From a practical perspective, the findings suggest that embedding
adaptive assessment within student-centered learning environments may help sustain
appropriate cognitive challenge and support deeper engagement with mathematical
reasoning. Future research is needed to examine longitudinal effects, incorporate affective
variables such as motivation and self-efficacy, and test the approach across more diverse
educational contexts. By addressing these areas, subsequent studies can strengthen the
empirical foundation and broaden the applicability of instructional-assessment integration
in mathematics education.
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